The maximum eigenvalue of the transport operator in a fissionable medium  by Rodríguez, Pablo J & Nguyen, Dong H
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 33, 43-51 (1971) 
The Maximum Eigenvalue of the Transport Operator 
in a Fissionable Medium 
PABLO J. RoDRf GUEZ 
Instituto Venezolano de Investigaciones Cientificas, 
Apartado 1827, Caracas, Venezuela 
AND 
DONG H. NGUYEN 
Department of Mechanical Engineering, Naval Postgraduate School, 
Monterrey, California 93940 
Submitted by Richard Bellman 
1. INTRODUCTION 
In 1955 Lehner and Wing [l] showed for the first time that the spectrum 
of the transport equation is made up of a finite number of eigenvalue plus a 
continuous region called the continuum. The discrete spectrum of the trans- 
port operator for the initial value problem arising in pulsed neutron studies 
has been show to be bounded from below by - A* = - { VZ{ V)} min [2,3]. 
An upper bound for this discrete region has not been determined although 
it is customary to assume the existence of a largest eigenvalue which is taken 
to be the fundamental decay constant. In this paper, we shall show that 
the upper bound of the discrete spectrum does exist and is indeed the 
fundamental decay constant. 
2. USE OF THE MINKOWSKI’S AND HOLDER’S INEQUALITIES IN THE 
DERIVATION OF THE MAXIMUM-EIGENVALUE THEOREM (M.E.T.) 
The most important quantity in the pulsed neutron technique when 
applied to a fissionable medium is the maximum eigenvalue. This is because 
such a value is always present in either a subcritical or supercritical system. 
Here we show that the maximum eigenvalue determines the asymptotic time 
behavior of the system under consideration. 
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This section is devoted to the derivation of an interesting theorem con- 
cerning the location of the above mentioned maximum eigenvalue on the 
complex plane of the transport operator. First we perform the derivation 
applied to a degenerate kernel and next the derivation is performed so that the 
maximum eigenvalue can be calculated with any generalized scattering kernel. 
A. The Maximum Ei’envalue Using a Corngold Degenerate Scattering 
Kernel 
Using the diffusion approximation, the Laplace transformed flux @i(v, r, s} 
resulting from a neutron pulse in a multiplying medium is given by the 
equation 
@ = + D(v} V2@{v, r, s} - &(v} @{v, r, s} 
where 0~~ are the decay constants of the precursors, and other quantities have 
standard notation. The solution of Eq. (1) is now expanded in terms of the 
eigenfunctions of the assembly. Thus 
@iv, r, 4 = 1 TAO, s)F,{r) (2) 
?I 
where the time-related coefficients T,{v, s} must be determined. Similarly, 
we let 
S&A 4 = C Sdv)~,{rZ. (3) 
n 
Dealing only with the fundamental spatial mode, letting TO(v, s} = T{v, s} 
and using the orthogonality of the eigenfunctions, we find that T{v, s} obeys 
the following Fredholm integral equation: 
where 
g(s) = 1,” aZi{v’} T{v’, s} dv’, (5) 
h(s) = s,” &{v’} T{v’, s} dw’, (6) 
44 = 41 - 8 x&J) c (7) 
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ei{v} = %k$Xd&} fi, 
T{v, s} = s j- ?J(&{V} - &{v} + D(v) B2). 
Here, we have used the Corngold degenerate scattering kernel 
(9) 
(10) 
with 
p,l = 
I 
vc ,&{v’} M(d) dv’. (12) 
0 
Using the Corngold degenerate scattering kernel of the form given in 
Eq. (1 l), and neglecting both the fraction of delayed neutrons and the source 
term, Eq. (4) becomes 
Th s> = j-p, $ -L-- (CM ‘&> + 44 w- (13) 
Introducing the Minkowski’s inequality in the form given by Kolmogorov 
and Fomin (4), the following equation is obtained 
(1, / T{V, s}j2 dv)lie < (1,, 1 $$f I2 d$‘2 + (s, / $$,‘J; j2 dv)l’a- 
(14) 
Equation (14) can be simplified by using the Holder’s inequality [4] which 
for this case reduces to the usual Schwarz inequality. Thus, it follows that 
The Minkowski’s and Holder’s inequality hold for both Riemann and 
Lebesgue integrals. Therefore, these inequalities are applicable to this 
analysis, where all the parameters are given in terms of Lebesgue integrals. 
The previous two equations can be put in a more convenient form by intro- 
ducing the quantities. 
4 = (j-, I &V d$“> 
B, = (j, 1 w{w}l” dv)“‘. (18) 
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Inserting these two definitions in Eqs. (15) and (16) the following equations 
are obtained : 
Using these inequalities in our main equation ( 1’ 4) gives 
This relation can be simplified by introducing the following inequalities: 
(I, ( -$$ /‘d$” < (1, I WI2 dv)“’ (s, I& I2 d~)“~- 
Inserting these equations into Eq. (19) gives 
(1 
V 
I VA Gl” dv)l” < (J‘, I& jzq2 ((wJv I#wd~)l’2 
+ (Bz2 [ 
v 
I WV d$lB) . 
It follows from Eq. (5) that 
I gM2 ,< 1, I Wd T@, 4’ dv. 
On introducing the Holder’s inequality in this equation, we have 
(20) 
(21) 
(22) 
(23) 
(24) 
Similarly, the relation giving h(s) in Eq. (6) is reduced to the following 
inequality 
I 4412 G (1 I &{v)l” dv) (1 ] T{v, s}l” d”) * (25) 2) v 
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Inequalities (24) and (25) may be written as 
(27) 
where the parameters C, and C, are determined by the equations 
c,2 = (I, I &{v>l” dv) * (29) 
By using Eqs, (23)-(29) in (22), the latter equation can be simplified to 
where N is a normalization factor defined by the condition: 
s 
VC 
N dv= 1, 
V=O 
where I’, represents the upper limit up to which the kernel exhibits proper 
physical behavior. 
It can be shown from Eq. (30) that the following inequality holds: 
where 
m, 4 Q M (32) 
&f = Pw1+ f32C2) 
N (33) 
is a real positive quantity. Substituting Eq. (10) in Eq. (32) and noting that all 
the quantities appearing in the resulting equation are real, we obtain 
Re{s} < M - (o&(v) - v&{v} + vD{o} Ba)Min . (34) 
From Eq. (34), we conclude that the maximum value that an eigenvalue may 
have and still be able to satisfy Eq. (30) is given by 
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Therefore, for Re{s} > h,,, the set (A) is empty and Eq. (13) cannot have a 
solution Z’(w, S} # 0. Then, using the definitions of the parameters involved 
in Eq. (33), the maximum eigenvalue determined by Eq. (35) is: 
h Max = 
+ ( j” I ~(1 - PI x&l fi I2 de, j ” I &{z1)12 dv)l” 
- (~z;{~} - =qv> + plD@J} B2)A.f,n . 
(36) 
B. The Maximum Eigenvalue Applied to Any Type of Scattering Kernel 
For any general kernel Eq. (13) can be expressed in the form 
T{u, s} = (37) 
where 
g{s, ZJ} = jay vZ&‘, ZJ} T{w’, s} dv’, (38) 
h{s, v} = j; w{v} &{w’} T{v, s} dv’. (39) 
Introducing the Minkowski’s and Holder’s inequality in (37), it can be shown 
that 
(j, I Th s)12 d$” d ((j, I g{s, $4” dv)l” (j, / & I2 dv)““) . (40) 
Also, from Eqs. (38) and (39) we obtain 
1 & ~11” < (j,, I v&{w’, v}I” dv’) (j,, I T(w’, s}12 dv’) , 
(41) 
1 his, u>12 < ( j,. I w{d &{412 dv’) (j,, 1 T{w’, s}l2 dv’) . 
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Inserting these inequalities in our main equation (40) and rearranging, the 
following inequality is obtained: 
Following similar steps as in Section 2A, the maximum eigenvalue for any 
general scattering kernel &{o’, V> can be obtained from Eq. (43). That is, 
h M&X = (( j, dv IU - I3 ~xd4 s I2 /, dv I %42)1’2 
(43) 
3. DISCUSSION OF RESULTS AND COMPARISON WITH THOSE OBTAINED 
IN THE ONE VELOCITY APPROACH 
It has been proven that regardless of the scattering kernel used, for 
WI > AMax 3 the set (A) is empty and Eqs. (13) and (37) cannot have a 
solution T{o, s} + 0. Therefore, &ax as determined from Eqs. (36) and (43) 
will insure the obtaining of fundamental decay constants in analyses dealing 
with time eigenvalues. It can be seen from Eq. (36) that the magnitude of the 
maximum eigenvalue depends on the cutoff velocity V, . We have found an 
upper bound to our discrete region which is given by hM, . Therefore, the 
complex plane s in our case has three regions: 
(I) Empty region: for W4 > ~~~~ , 
(II) Discrete region: for h Max > ReN > AMID , 
(III) Continuum: for Re{s> d AMi, . 
Throughout this chapter we have assumed that the scattering kernel is 
integrable in the Lebesgue sense (L2). 
For the one-velocity case Eq. (43) reduces to the familiar relation 
h (1 -B) k?ff - 1 Max = T * 
We summarize the results obtained in the following theorem: “In a medium 
in which the buckling is smaller that BM, , there exists an upper bound for the 
spectrum of the time-dependent transport operator denoted hM,, such that for 
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all Re{s) > hMax , where s is the time transformed plane, the set (A) is empty. 
A,, can be either positive, zero, or negative and is the usual fundamental decay 
constant”. 
Table I and Fig. 1 compare the one-velocity fundamental decay constants 
obtained from the present method (Eq. (44)) and the one described in [5]. 
TABLE I 
Comparison of pundamental Eigenvalues in a Mixture of Water-Us36 (set-1) 
B* (cm-“) keli T (set) I. Present work 
o/0 Deviation 
II. Ref. 5 between I 
and II 
0.000 1.850 2.08 x 1O-4 4.024 x 103 4.024 x 10s 0 
0.083 1.523 1.63 x lo--* 3.21 x lo3 3.105 x 103 4 
0.275 0.950 9.55 x 10-S -5.21 x lo2 -5.25 x 10e 1 
1.ooo 0.400 4.08 x 1O-6 -1.47 x 104 -1.37 x 104 7 
4.00 0.113 1.17 x 10-S -7.60 x lo4 -7.54 x 104 1 
10.00 0.0485 4.75 x 10-B -2.01 x 106 -1.92 x 105 4 
15.00 0.0317 3.10 x 10-e -3.12 x lo6 -3.09 x 10” 1 
31.00 0.0154 1.50 x 10-a -6.65 x lo5 -6.84 x lo5 3 
42.00 0.0112 1.13 x 10-s -8.76 x lo5 -8.84 x lo6 2 
-10 
- REFERENCE 5 ; 
.---- PRESENT WORK ] 
FIG. 1. Eigenvalues in a water-U”6 mixture. (& = 0.02 cm-‘, Z; = 0.0215 
Z5 = 4.0 cm-‘.) 
cm-l, 
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